The paper considers receiving acoustic horns designed for particle velocity amplification and suitable for use in vector sensing applications. Unlike conventional horns, designed for acoustic pressure amplification, acoustic velocity horns (AVHs) deliver significant velocity amplification even when the overall size of the horn is much less than an acoustic wavelength. An AVH requires an open-ended configuration, as compared to pressure horns which are terminated at the throat. The appropriate formulation, based on Webster's one-dimensional horn equation, is derived and analyzed for single conical and exponential horns as well as for double-horn configurations. Predicted horn amplification factors (ratio of mouth-to-throat radii) were verified using numerical modeling. It is shown that three independent geometrical parameters principally control a horn's performance: length l, throat radius R 1 , and flare rate. Below a predicted resonance region, velocity amplification is practically independent of frequency. Acoustic velocity horns are naturally directional, providing maximum velocity amplification along the boresight.
I. INTRODUCTION
Horns are simple and effective devices which improve the performance of many types of acoustical systems. Today, horns are primarily used as impedance matching devices to facilitate maximum power transfer from an acoustic source, such as a loudspeaker, to the acoustic medium. However, during the first half of the last century, acoustic horns were routinely used for sound reception amplification-in emerging telephony technology and for direct ear amplification (for example, detection of incoming war planes). Over the years, rapid advances in electronics resulted in highly sensitive microphones that rarely require additional amplification. Receiving horns were cumbersome and were quickly abandoned whenever possible. Perhaps the abrupt abandonment explains why there appears to be few publications on pressure receiving horns 1, 2 with some remaining interest from the biological community to model horn-like ear channels in cats, dogs, and bats. 3 No direct references have been found on the theory, or design, of particle velocity receiving horns.
In air and underwater acoustics, progress in the development of the acoustic particle velocity (vector) sensors [4] [5] [6] opened up many new opportunities for their utilization. However, compared to pressure sensors, especially at low frequencies, particle velocity sensors are typically less sensitive and possess higher electronic noise floors. Hence, vector sensor may uniquely benefit, particularly at low frequencies, from the additional signal amplification provided by horns.
In terms of acoustic pressure, to create any significant amplification, the size of an acoustic horn must be quite large (comparable to, or even greater than, an acoustic wavelength). Conventional receiving horns, which detect acoustic pressure, are terminated at the throat with high load impedance (representing the receiving microphone or hydrophone). Here, as in Ref. 7 , a conventional "acoustic pressure horn" is denoted APH, to distinguish from an "acoustic velocity horn" or AVH, where the purpose is to amplify oscillatory particle velocity. Unlike an APH, an AVH must be opened at the throat, as shown in Fig. 1 , thus minimizing impedance at the throat. As noted in an initial analysis of the velocity horns, 7 an AVH works as a funnel, increasing particle velocity within the narrow throat, compared to the velocity at the wider mouth.
Initial numerical analysis, and in-air experimental measurements, confirmed the amplification effect of conical velocity horns. 7 Here, an in-depth theoretical basis for particle velocity horn amplification is presented, and provides the necessary criteria for broadband frequency horn design.
II. THEORETICAL DERIVATION OF THE HORN AMPLIFICATION EFFECT
A. Single open-ended acoustic velocity horn As mentioned in the Introduction, an acoustic velocity horn requires both ends of the horn to be opened to free space and thus each is exposed to the same incident acoustic wave, as shown in Fig. 1 (left) . It is anticipated that the amplification occurs at the throat; hence, solutions are sought for particle velocity at the throat.
Consider a plane acoustic wave traveling from right to left along the horn's axis x. Here, the horn is defined as an axisymmetrical tube with an arbitrary varying crosssectional area S(x). For the wave incident at the mouth, it will be assumed to be of amplitude P 02 , and zero phase. At the throat, the same wave will be kl phase-shifted with respect to the wave at the mouth, so its complex amplitude is P 01 e
Àjkl . The solution for the oscillatory velocity at the throat is due both to the wave entering the mouth, denoted v 1 (2) , and from the delayed wave entering the throat, v 1 (1) . Using the superposition principle, the total velocity at the throat is the sum of these two velocities
This approach is illustrated in Fig. 1 (right) , also showing respective variables at the throat and the mouth. Here, P i and U i are pressure amplitude and volume velocity, respectively, at the throat, i ¼ 1, and the mouth, i ¼ 2; Z i ¼ P i /U i are throat and mouth input acoustic impedances, Z 01 and Z 02 are throat and mouth output impedances, respectively, and l is the length of the horn. Using a four-pole approach, the relationship between throat/mouth pressure and velocities is expressed as
From Eq. (2) , and the general definition of impedance, it follows that
The acoustic pressure amplitude at the mouth P 2 is equal to the combined pressure from the incident wave, denoted P 02 , and the reflected wave from the mouth P R2
Using volume velocity U 2 at the mouth, mouth input impedance Z 2 , and mouth output (radiation) impedance Z 02 , Eq. (4) can be rewritten as
Solving Eq. (5) for U 2 yields
From Eq. (2)
Assuming uniform distribution of the particle velocity across the horn opening,
S 1 , and combining Eq. (3) for Z 2 , and Eqs. (6) and (7), the velocity at the horn's throat, due to the incident wave at the mouth becomes
For the wave entering the horn from the mouth and leaving through the throat at x 1 , the impedance Z 1 in Eq. (8) 
The second solution, v 1 (1) , for the wave P 01 e Àjkl entering the throat is found in a similar manner. The acoustic pressure at the throat, P 1 , is equal to the combined pressure from the incident and reflected wave at the throat
Here P R1 ¼ U 1 Z 01, where Z 01 is the radiation impedance of the throat as introduced above. By definition, P 1 ¼ U 1 Z 1 , with Z 1 being the throat input impedance. Using these definitions for P 1 and P R1 , Eq. (10) becomes
Expressing Z 1 through Z 2 [via Eq. (3)] and noting that the wave, entering horn through the throat and leaving through the mouth, has an output mouth impedance Z 2 ¼ Z 02 , the second solution for acoustic particle velocity at the throat becomes
The total solution for the axial particle velocity at the throat, v T , is the sum of the solutions given by Eqs. (9) and (12) . At low frequencies (wavelength greater than the horn dimensions), wave diffraction around the horn is assumed to be insignificant, that is, P 01 ¼ P 02 ¼ P 0 , and after expressing the pressure in the incident plane wave via its particle velocity, P 0 ¼ q 0 c 0 v 0 , the final expression for the particle velocity amplification factor becomes 
Note that under the assumptions used above, Eq. (13) is valid for any horn geometry, or even a straight pipe, with proper choice of four-pole coefficients a, b, c, and d.
B. Horn's four-pole coefficients from Webster's equation "Webster's horn equation," Eq. (14), published in 1919 by Webster, 8 is still the main approach to horn analysis. Webster incorporated a number of simplifications and assumptions, notably reducing the three-dimensional wave equation to one-dimensional, by assuming that the sound energy was uniformly distributed over a plane wave perpendicular to the horn's axis and that the acoustic wave traveled only along the axial direction. This is comparable to the assumption of uniform velocity distribution across the horn's opening, which was used in derivation of the Eq. (13):
In Webster's equation above, x is the axial coordinate, / is the velocity potential, c 0 is the speed of sound, and S(x) is horn's cross-sectional area at position x. The fluid is assumed to be ideal, inviscid, and irrotational, and the walls of the horn are perfectly rigid and smooth. Stewart 1 pointed out that the Eq. (14) can also be used for spherical wave fronts.
Since 1919, a number of expansions and generalizations of the Webster's horn solution have occurred, however, fundamentally they are all based on the same Eq. (14).
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The harmonic wave solutions of the Eq. (14) 
where constants A and B are determined by the boundary conditions, x and k are circular frequency and wavenumber, respectively, t is time, and j is the imaginary unit. Expressing pressure and volume velocity via the above solutions for the velocity potential and using four-pole Eq. (2), Webster (pipe and cone) 8, 13 and later Stuart (exponential, parabolic, and hyperbolic horns) 14 derived the expressions for the coefficients a, b, c, and d as follows.
Hereafter q 0 is the fluid equilibrium density, c 0 is the speed of sound, and l is the length of the pipe or horn.
2. Conical horn [with origin (x=0) at the horn's vertex and throat and mouth coordinates x 1 and x 2 , respectively
where
Hereafter, indexes 1 and 2 denote quantities at the throat (x ¼ x 1 ) and the mouth (x ¼ x 2 ), respectively.
where c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
C. Double open-ended acoustic velocity horns
Initial numerical evaluations of an AVH demonstrated 7 that a double horn configuration, such as shown in Fig. 2 , increases velocity amplification and provides a symmetrical velocity distribution along the axis. First, let us consider two arbitrary horns connected at the throats. As before, a plane acoustic wave is considered to be traveling from right to left along the horn's axis x. The wave incident to the right horn, at x ¼ l, has a complex amplitude of P R jkl , and the wave entering left horn, at x ¼ Àl, has an amplitude of P L e
Àjkl . It is assumed that at low frequencies P R ¼ P L ¼ P 0 . The total solution for the oscillatory velocity at the throat can be found from superposition, as employed in Eq. (1), which is rewritten as
where v ðRÞ T is the solution at the throat for the wave entering the right horn, and v ðLÞ T is the solution at the throat for the wave entering the left horn.
Using a similar four-pole approach, as done for the single horn, Eq. (3) can now be recasted for a double horn.
For the right horn For the left horn 
Here S 1 is the throat cross-section area and Z 0R is the mouth output (radiation) impedance. Similarly, for the wave entering the left horn with pressure amplitude P 0 e Àjkl and the left horn mouth radiation impedance Z 0L the solution v
The combined solution (21), as per Eqs. (24) and (25), is the general solution of the double horns. Consider now a symmetrical conical right-left horn configuration. In this case, Z 0R ¼ ÀZ 0L ¼ Z 02 , and the four-pole coefficients are determined from Eq. (19), where for the left horn the sign for x 1 and x 2 must be reversed because the left horn is converging from left to right, unlike the right horn which is converging from right to left. This substitution yields 
Finally, substituting Eqs. (26) and (27) into solution Eqs. (24) and (25), the total solution for the particle velocity at the double horn throat, as per Eq. (21), is
For a plane incident wave, P 0 ¼ q 0 c 0 v 0, the solution for the velocity amplification at the throat of the double horn becomes
D. Throat and mouth radiation impedances
The radiation impedances Z 0i for the horn's mouth or throat are customarily assumed to be equivalent to the impedance of a piston of infinitesimal thickness and zero mass set in the opening of the infinite baffle (surrounding the mouth or the throat)
where R i are the radii of the throat and the mouth, respectively, J 1 and H 1 are first order Bessel and Struve functions. 15 The negative sign for the throat output impedance Z 01 , Eq. (31), is due to the acoustic wave, leaving or reflecting from the throat, traveling in the negative x-direction.
A better approximation of the open end radiation impedance is obtained by using a complicated radiation solution 16 for an oscillating piston mounted in the end of a long cylindrical tube. Numerical analysis of this solution revealed, at low frequencies (kR < 0.5), the following approximations:
III. NUMERICAL ANALYSIS OF ACOUSTIC PARTICLE VELOCITY HORNS
Solutions provided by Eqs. (13) and (29) with four-pole coefficients defined by Eqs. (18)- (20) are fundamentally based on Webster's simplified one-dimensional approximation and, as such, these solutions are limited, especially at higher frequencies. Furthermore, these solutions provide no information on the horn's directionality (the change in amplification with angle of incidence). Nor do they account for diffraction effects around the horn, which could distort the wave front and phase relationships between pressure and particle velocity. These effects may impose limitations on applicability of the derived analytical solutions. Therefore, the limitations and applicability of the solutions should be verified using numerical computations.
The numerical solutions (using the COMSOL 4.1 aeroacoustic module) 18 were based on direct computation of the linearized wave equation for a velocity potential /,
For fluids with uniform density, particle velocity and acoustic pressure were determined in the usual manner
Except for the horn directionality computations, where three-dimensional geometry was utilized, all other components assumed COMSOL two-dimensional axisymmetrical geometry. All horn surfaces were assumed to be acoustically rigid boundaries. At the boundaries of the rectangular region containing the horn, COMSOL's plane wave radiation conditions were used with defined normal velocity at one of the boundary lines representing incident plane wave. Numerical simulations were conducted both in air and water, and produced essentially the same results for acoustically rigid horns at frequencies below the horn's first resonance. Specific numerical modeling examples presented in the paper are for water only. Throughout, values for water density and sound speed were, respectively, 1000 kg/m 3 and 1481 m/s.
Numerical modeling results are shown in Fig. 3 for acoustic particle velocity fields (absolute value) within a double axisymmetrical conical horn at various frequencies from 1 Hz to 5000 Hz (in water, horn axis orientated vertically). These results clearly demonstrate velocity amplification at the throat (shadows represent velocity amplitudesthe brighter the higher the amplitude). At low frequencies (below the first resonance frequency, 2650 Hz for the horn geometry modeled), the amplification is relatively uniform along horn's cross-sections, symmetrical with respect to the throat plane, and essentially identical to velocity field for axial component, validating applicability of Webster's onedimensional approach for single and double horns. Notice at frequencies near and above first resonance frequency, diffraction effects manifest themselves through nonsymmetrical (with respect to the throat plane) velocity field distribution.
IV. ANALYTICAL ANALYSIS OF AVHS
A. Verification and comparison of analytical and numerical solutions for pipe, conical, and exponential horns Figure 4 compares the analytical Eqs. (13) and (18) to numerical solutions (axial velocity at the axis) for the amplification factor of a straight pipe-agreement is very good below the first resonance. As expected, the amplification factor is near unity at these frequencies; that is, a pipe provides no velocity amplification outside of its resonances.
Comparison of the analytical and numerically modeled axial velocity amplification factors for conical and exponential horns are shown in Fig. 5 . Below the horn's first resonance, the comparisons are again in good agreement. The velocity amplification factors are significant, 6.6 numerically and 6.8 analytically (or approximately 16.5 dB) for a relatively small (compared to an acoustic wavelength) single horn. For the double horn, the amplification factors are even larger, 9.2 for the numerical solution and 9.7 for the analytical solution (approximately 19.5 dB).
Interestingly, the double horn, having the same mouth to throat radii ratio as a single horn, but double the overall length, yielded only 3 dB of additional amplification, instead of the expected 6 dB. This could be explained by the increased throat impedance in a double horn configuration compared to pure throat radiation impedance in a single horn configuration. Figure 5 also predicts that a conical horn creates greater amplification than an exponential horn (of the same length and radii). Though not shown, the phase response of the velocity amplification factors at the throat where consistently flat below the horn's first resonant frequency.
B. Resonance frequency of an open-ended horn
The first resonance frequency (for pressure) of a pipe 17 of length l and of radius R 1 is given as
The term 0.613R 1 is due to a pipe open-end correction factor. 17 With both ends opened, the end correction term must be doubled, hence, the term 2(0.613 R 1 ). In the case of a velocity horn, both ends are also open, but the radii of the openings are different. Therefore, after modifying Eq. (36), the single acoustic velocity horn resonant frequency becomes
For each of the AVH geometries examined, Eq. (37) accurately estimates the first resonance frequency, whether computed numerically or analytically.
C. Particle velocity amplification factors for varying conical horn geometries
Three independent geometrical parameters can influence a horn's performance: length l, throat radius R 1 , and flare rate. For conical horns, flare rate can be replaced with cone angle a, or the mouth to throat radii ratio, K ¼ R 2 /R 1 . Recall, below the resonance region, amplification is practically independent of frequency. Figure 6 illustrates geometrical variations of conical AVHs for each independent parameter (R 1 , l, K). The amplification factors vs each parameter are shown in Figs. 7-9 .
Several conclusions may be drawn from this parametric study. For example, in Fig. 7 , increasing the length of a conical horn, for fixed K ratios and at a given throat radius, increases amplification. At a fixed length, amplification decreases, as expected, with increasing throat diameter. This is due to increased reflection from the greater horn's openings. Though, gains from simply increasing the horn's length are limited, as indicated in Fig. 8 where the throat radius and the K ratio remain constant; hence, as the length increases, the conical angle decreases (for a pipe the conical angle is zero). Once the conical angle decreased to approximately 20 , increasing length provided only marginal amplification gain. In general, the horn amplification ratio is always greater for smaller throat radii and increases with increasing mouth-to-throat radii ratios, K. Figure 5 demonstrates that a double AVH of length 2l, provided 3 dB greater amplification than a single AVH for the same R 1 and K. An additional benefit of a double horn is the symmetrical distribution of the axial velocity, as illustrated in Fig. 10 (numerical calculations) . Furthermore, when the amplification factors of single and double AVHs of equal length and throat radius were compared, the double horn provided greater amplification and a broader useful frequency range below resonance, as evident from Fig. 11 .
D. Single vs double horn amplification

V. ACOUSTIC VELOCITY HORN DIRECTIONALITY
At low frequencies, where the acoustic wavelength is much greater than any of the characteristic horn lengths, APHs have no directionality. However, AVHs should possess dipole directionality. If the incident wave approaches the horn mouth at an angle h with respect to the horn's axis, then the boresight velocity component would be equal to V 0 cos h. This directional response was confirmed using COMSOL numerical modeling, shown in Fig. 12 , demonstrating almost perfect dipole characteristic. The computations of the horn's axial velocity at the center of the throat section were performed for a conical horn 10 cm in length, having a throat radius 1 cm, and mouth radius 5 cm, at frequencies 1 Hz, 600 Hz, and 1 kHz in water. Below the horn's first resonance, the directionality patterns are practically independent of frequency with less than 4% variation. 
VI. CONCLUSION
Acoustic velocity horns produce remarkable particle velocity amplification, without amplitude and phase distortion, over a broad frequency range up to horn's resonance region [as determined by Eq. (37)]. Even small, compared to a wavelength, horns improve performance of particle velocity sensors, both in air and water. For example, a single conical AVH, having a length of 5 cm, a throat radius of 1 cm, and a mouth radius of 5 cm can yield approximately 8 dB of amplification, with nearly a flat frequency response, in water, up to a frequency of 8 kHz (in air, up to a frequency of 2 kHz). Larger horns can deliver much greater acoustic particle amplification. The predicted gain for a double AVH, having an overall length of 2l ¼ 0.5 m, a throat radius, R 1 ¼ 1 cm, and a mouth radius, R 2 ¼ 25 cm, delivers, theoretically, a 28 dB gain. The amplification effect has been experimentally verified in air 7 and is supported by both the analytical and numerical solutions presented here. Comparisons of the performance of two horn configurations, exponential and conical, indicate that conical horns yield greater amplification. A conical horn's amplification is primarily dependent on three logical geometrical parameters; length, mouth-to-throat radii ratio K, and throat radius R 1 . The amplification is always higher for a smaller throat radius and for larger mouth-tothroat radii ratios. Once the cone angle approaches approximately 20
, increasing the length of an AVH, for constant K, provides only marginal increases in amplification.
Another important feature of an acoustic velocity horn is its inherent dipole directionality amplifying velocity along the boresight though nulling the response at orthogonal angles.
Many types of acoustic vector sensors could benefit from utilization of AVH in terms of improved directivity and sensitivity in very broad frequency range.
